Peeling property and asymptotic symmetries with a cosmological constant by Saw, Vee-Liem & Thun, Freeman Chee Siong
ar
X
iv
:1
70
5.
00
43
5v
2 
 [g
r-q
c] 
 30
 Ja
n 2
01
9
Peeling property and asymptotic symmetries with a cosmological
constant
Vee-Liem Saw1, 2, ∗ and Freeman Chee Siong Thun
1Division of Physics and Applied Physics,
School of Physical and Mathematical Sciences,
Nanyang Technological University, Singapore
2Data Science and Artificial Intelligence Research Centre,
Block N4 #02a-32, Nanyang Avenue,
Nanyang Technological University, Singapore 639798
(Dated: January 31, 2019)
Abstract
This paper establishes two things in an asymptotically (anti-)de Sitter spacetime, by direct com-
putations in the physical spacetime (i.e. with no involvement of spacetime compactification): (1)
The peeling property of the Weyl spinor is guaranteed. In the case where there are Maxwell fields
present, the peeling properties of both Weyl and Maxwell spinors similarly hold, if the leading
order term of the spin coefficient ρ when expanded as inverse powers of r (where r is the usual
spherical radial coordinate, and r →∞ is null infinity, I) has coefficient −1. (2) In the absence of
gravitational radiation (a conformally flat I), the group of asymptotic symmetries is trivial, with
no room for supertranslations.
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I. INTRODUCTION
The peeling property of the (vacuum) curvature tensor for asymptotically flat spacetimes
[1–3] can be derived rather neatly using the Newman-Penrose formalism. This was done
by employing a special null tetrad adapted to outgoing null cones and by supposing that
the dyad component of the Weyl spinor Ψ0 has a fall-off of O(r
−5) (together with some
technicalities on differentiabilities) [4]. Using the Newman-Penrose equations and this single
assumption on Ψ0, one can then deduce the fall-offs for the spin coefficients, the unknown
functions defining the null tetrad as well as the remaining dyad components of the Weyl
spinor. In particular, a subset of the Bianchi identities with the DΨj derivatives (j =
1, 2, 3, 4), i.e. derivatives along the outgoing null cones, possess a nice hierarchical structure
leading to Ψn = O(r
n−5) for the dyad components of the Weyl spinor, where n = 0, 1, 2, 3, 4.
A follow-up work by Newman and Unti solved for the behaviour of empty asymptotically
flat spacetimes [5].
Recently, the behaviour of empty asymptotically (anti-)de Sitter spacetimes has been
studied [6], and further extended to contain Maxwell fields [7] (see also [8–10] [11]). These
took the approach of exclusively studying the physical spacetime, i.e. no conformal rescaling
was explicitly made in deriving those asymptotic solutions. In accordance to the case for
asymptotically flat spacetimes, the imposed condition Ψ0 = O(r
−5) leads to the expected
peeling property for the Weyl spinor and a similar condition on the dyad component of the
Maxwell spinor φ0 = O(r
−3) yields the analogous peeling behaviour for the Maxwell fields.
These peeling properties of Ψn and φm (where m = 0, 1, 2) with a non-zero cosmological con-
stant should not be surprising, as the peeling property for the Weyl spinor has been proven
for (weakly) asymptotically simple spacetimes that do include asymptotically (anti-)de Sit-
ter spacetimes [12–14]. This follows from admitting a smooth conformal compactifiability
and working with a conformally compactified version of the spacetime, involving spinors.
The driving motivation in Ref. [6] was to generalise the notion of the Bondi mass of an
isolated gravitating system, and the mass loss due to energy carried away by gravitational
waves with a positive cosmological constant, Λ > 0 — since we now know that our universe
expands at an accelerated rate (which is well described by Einstein’s theory with Λ > 0).
Although Bondi et al. led the initial breakthrough to this problem for the asymptotically
flat case [2, 15], the mass-loss formula for Λ = 0 could also be obtained using the Newman-
2
Penrose formalism (as shown by Newman and Unti [5]). Therefore, Ref. [6] aimed to derive
the asymptotic solutions to the Newman-Penrose equations with Λ à la Newman and Unti.
The mass-loss formula then arises from the Bianchi identity involving the D′ derivative of
Ψ2 (where Ψ2 is the dyad component of the Weyl spinor with boost weight 0).
A key guidance that played a helpful role (towards the successful derivation of the asymp-
totic solutions with Λ) in Ref. [6] was to closely check against the known asymptotic solutions
for the asymptotically flat case, i.e. to work with coordinates and a null tetrad that would
readily reduce to the well-known asymptotic solutions summarised at the end of Section 9.8
in Ref. [14] — when Λ is set to zero. To do so, one would need a coordinate system that is
valid for any Λ ∈ R. It was noted that it is advantageous to first study the Schwarzschild-
(anti-)de Sitter spacetime expressed in spherical coordinates, since this coordinate system
holds for any Λ ∈ R [16]. A coordinate transformation then introduced the desired retarded
null coordinate u in place of the time coordinate t, and thus the radial coordinate r would
approach null infinity I as r → ∞. Subsequently, a Newman-Unti-like null tetrad (most
notably such that l˜ = d˜u, giving ~l = ~∂r) could be defined, and hence the spin coefficients
were computed. This provided information on what the fall-offs for the spin coefficients
would probably look like in general — in particular, ρ′ and γ both have terms of order O(r)
due to a non-zero Λ. Besides that, the function U that appears in the null tetrad vector ~n
is now O(r2) instead of O(1) (also due to a non-zero Λ). Furthermore, this static spacetime
indicated at which orders the mass term would begin to crop up in the various quantities.
With this, one could attempt to work out the asymptotic solutions using such fall-offs for
the spin coefficients and the unknown functions in the null tetrad. It was soon discovered
however (whilst working through the 38 Newman-Penrose equations) that the leading order
term of the complex shear σ (which encodes the physics representing the Bondi news for
gravitational waves) would be zero or has to satisfy some unusual constraint equation —
unless these two spin coefficients σ′, κ′ have the fall-offs: σ′ = O(1) and κ′ = O(1) (due
to a non-zero Λ and a non-zero Bondi news) [17]. The conclusion in Ref. [6] was, one
could successfully obtain the general asymptotic solutions for asymptotically (anti-)de Sitter
spacetimes by stipulating that all the unknown functions could be expanded as inverse
powers of r away from I with sufficiently many orders, using the given fall-offs of the spin
coefficients and the null tetrad (thus producing the mass-loss formula from the relevant
Bianchi identity, with a proposal for the Bondi mass that includes Λ). On top of that, it was
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assumed that Ψ0 = O(r
−5), in accordance to the situation for asymptotically flat spacetimes.
Whilst all these might have seemed like an ad hoc ansatz, they allowed one to sidestep the
mathematical technicalities in deriving the fall-offs (which in our opinion, was not the most
pressing question with regards to discovering the physical results of the mass-loss formula
with Λ > 0). Therefore, the setup assumed in Ref. [6] may not be minimal.
It turns out that around the time this work was carried out, Szabados and Tod had just
studied and presented the conformal behaviour of de Sitter-like spacetimes, working out
the fall-offs for the physical metric and the spin coefficients (albeit in a different null tetrad,
corresponding to a symmetric scaling over the spinor dyads oA and ιA) [18]. The stipulations
made in Ref. [6] may be checked and found to be consistent with those results given in Ref.
[18] [19]. Whilst the results in Ref. [18] are focussed on Λ > 0, those asymptotic solutions
in Refs. [6, 7] hold for any Λ ∈ R.
The main purpose of this paper is to show that the assumption on Ψ0 being O(r
−5)
made in Ref. [6] is actually unnecessary. Instead, this is a consequence of a non-zero
cosmological constant in the D′Ψ0 Bianchi identity, which gives rise to an equation at order
r−3: Λ(Ψ0)
o
4/6 = 0 [see Eq. (48) below]. Ergo, a non-zero cosmological constant together
with the fall-off specifications of the unknown functions in the null tetrad and the spin
coefficients, as well as the Weyl spinor vanishing on I, will imply that Ψ0 must have a
fall-off of O(r−5) — so the peeling property follows, as worked out in Ref. [6]. If the
cosmological constant is zero however, one cannot deduce that Ψ0 must be O(r
−5) according
to these arguments since Eq. (48) is trivially satisfied. The corresponding peeling property
for the Maxwell fields similarly follows [7] [20]. The setup to this is given in the next section,
with the proof of the peeling property given in Section 3.
A related asymptotic property of spacetime is its asymptotic symmetries. By directly
calculating the asymptotic coordinate transformations that preserve the asymptotic fall-offs,
we find that in the case with no gravitational radiation given off by an isolated system (this
is the situation where I is conformally flat, i.e. its Bach tensor is zero), then the asymptotic
group is trivial. The key motivation for doing these calculations is to eventually find out
what the asymptotic group of coordinate transformations is, in a general spacetime with
gravitational radiation. However in that case, the equations become too intractable to be
analytically solvable, as we have attempted. To solve it for the no-gravitational radiation case
itself is a pretty challenging but fortunately achievable task, as we present in this paper —
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with the specification of axisymmetry. This problem is of immense significance, because the
asymptotic symmetry group forms the basis of a Hamiltonian formulation for the mass of an
isolated system, in an asymptotically flat universe [21]. We work through the computations
of the coordinate transformations which preserve the form of the asymptotic fall-offs with a
cosmological constant in Section 4, which are directly analogous to the computations done
by Bondi et al. in Ref. [2]. As we specialise to the case with no-gravitational radiation in the
following section, the equations to be solved for the coordinate transformations are a pair of
partial differential equations (PDE) Eqs. (97)-(98). One is the Laplace equation, with the
other being a strange looking PDE. The method to solve these PDE that we come up with
is non-trivial (perhaps the trickiest part involves solving a system of linear inhomogeneous
ordinary differential equations simultaneously, with unspecified inhomogeneous functions),
but it miraculously turns out to be solvable with only trivial solutions.
This paper concludes with some comments and discussion on recent related work in
the literature on gravitational radiation, putting them into perspective with regards to the
peeling property with a cosmological constant.
II. THE SETUP
Asymptotically (anti-)de Sitter spacetimes may be described by the following null tetrad
[6, 7]
~l = ~∂r (1)
~n = ~∂u + U~∂r +X
µ~∂µ (2)
~m = ω~∂r + ξ
µ~∂µ (3)
~¯m = ω¯~∂r + ξµ~∂µ, (4)
where
U = Uo
−2r
2 +O(r) (5)
Xµ = O(r−1) (6)
ω = O(r−1) (7)
ξµ = O(r−1). (8)
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Here, the Greek index µ denotes the two general angular coordinates θ, φ, which label the
null geodesic generators of the outgoing null cones defined by u = constant.
The directional derivatives are
D = la∇a = ∂
∂r
(9)
D′ = na∇a = ∂
∂u
+ U
∂
∂r
+Xµ
∂
∂xµ
(10)
δ = ma∇a = ω ∂
∂r
+ ξµ
∂
∂xµ
(11)
δ′ = m¯a∇a = ω¯ ∂
∂r
+ ξµ
∂
∂xµ
. (12)
The spin coefficients are [22]
κ = γ′ = τ ′ = 0, (13)
ρ = ρo1r
−1 +O(r−3), ρo1 6= 0 (14)
ρ′ = ρ′o
−1r +O(1), ρ
′o
−1 6= 0 (15)
σ = σo1r
−1 + O(r−2) (16)
σ′ = O(1) (17)
γ = γo
−1r +O(1), γ
o
−1 6= 0 (18)
α = O(r−1) (19)
α′ = O(r−1) (20)
τ = O(r−1) (21)
κ′ = O(1). (22)
Here, κ = 0 since ~l satisfies la;bl
b = 0, whereas γ′ = τ ′ = 0 by the condition that ~n, ~m, ~¯m
are parallel transported along ~l. The r−2 order of ρ can be made zero by appropriately
choosing the origin of r, which in this case is also an affine parameter of the congruence of
null geodesics where ~l is tangent to. Each of these leading order terms ρo1, ρ
′o
−1, γ
o
−1 cannot
be zero, as the purely vacuum (anti-)de Sitter spacetime has such non-zero terms.
For the Weyl and Maxwell spinors, they must vanish at infinity [otherwise spacetime
is not asymptotically (anti-)de Sitter] [23]. So in general, they would have the following
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asymptotic expansions
Ψ0 = (Ψ0)
o
1r
−1 + (Ψ0)
o
2r
−2 + (Ψ0)
o
3r
−3 + (Ψ0)
o
4r
−4 +O(r−5) (23)
Ψ1 = (Ψ1)
o
1r
−1 + (Ψ1)
o
2r
−2 +O(r−3) (24)
Ψ2 = (Ψ2)
o
1r
−1 +O(r−2) (25)
Ψ3 = O(r
−1) (26)
Ψ4 = O(r
−1) (27)
φ0 = (φ0)
o
1r
−1 + (φ0)
o
2r
−2 +O(r−3) (28)
φ1 = O(r
−1) (29)
φ2 = O(r
−1). (30)
With the Maxwell fields involved, we need to impose the condition ρo1 = −1 which ensures
the usual behaviour of the asymptotic divergence of the congruence of null geodesics induced
by ~l near I. Otherwise, a non-zero (φ0)o1 would affect the divergence behaviour of these null
geodesics near I (see the remark at the end of the next section). Then, we show in the next
section that we have the following result:
σo1 = 0, (φ0)
o
1 = 0, (Ψ0)
o
1 = 0, (Ψ0)
o
2 = 0, (Ψ0)
o
3 = 0, ρ
′o
−1 = −
Λ
6
, (Ψ1)
o
1 = 0, (Ψ1)
o
2 = 0,
γo
−1 = −
Λ
6
, (Ψ2)
o
1 = 0, U
o
−2 =
Λ
6
, (31)
using the spin coefficient equations and the metric equations, as described below by solving
for the relevant orders of r. Subsequently, one of the Maxwell equations can be used to
show that (φ0)
o
2 = 0, which would imply the peeling property for the Maxwell spinor [7].
Similarly, one of the Bianchi identities can then be used to show that (Ψ0)
o
4 = 0, upon which
the peeling property for the Weyl spinor follows [6, 7].
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Incidentally, the spacetime has inverse metric components:
gab =


0 1 0 0
1 2(U − |ω|2) Xθ − 2Re(ξθω¯) Xφ − 2Re(ξφω¯)
0 Xθ − 2Re(ξθω¯) −2|ξθ|2 −2Re(ξθξφ)
0 Xφ − 2Re(ξφω¯) −2Re(ξθξφ) −2|ξφ|2

 (32)
=


0 1 0 0
1 Λ
3
r2 +O(1) O(r−1) O(r−1)
0 O(r−1) O(r−2) O(r−2)
0 O(r−1) O(r−2) O(r−2)

 . (33)
For the special case of the Schwarzschild-(anti-)de Sitter spacetime, this becomes
gab =


0 1 0 0
1 Λ
3
r2 − 1 + 2M
r
0 0
0 0 − 1
r2
0
0 0 0 − 1
r2
csc2 θ

 , (34)
and the metric is
g = −
(
Λ
3
r2 − 1 + 2M
r
)
du2 + 2dudr − r2(dθ2 + sin2 θdφ2). (35)
III. PROOF OF THE PEELING PROPERTIES FOR THE WEYL AND MAXWELL
SPINORS
The following Newman-Penrose-Maxwell equations are solved asymptotically in the given
order:
Dσ′ = σ′ρ+ ρ′σ¯ − kφ2φ¯0,
1 : σo1 = 0, since ρ
′o
−1 6= 0 when Λ 6= 0. (36)
Dρ = ρ2 + σσ¯ + kφ0φ¯0,
r−2 : (φ0)
o
1 = 0. (37)
Dσ = 2ρσ +Ψ0,
r−1 : (Ψ0)
o
1 = 0 (38)
r−2 : (Ψ0)
o
2 = 0 (39)
r−3 : (Ψ0)
o
3 = 0. (40)
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Dρ′ = ρ′ρ+ σ′σ −Ψ2 − Λ
3
,
1 : ρ′o
−1 = −
Λ
6
. (41)
Dα′ = α′ρ− ασ −Ψ1,
r−1 : (Ψ1)
o
1 = 0 (42)
r−2 : (Ψ1)
o
2 = 0. (43)
Dγ = τα − τ¯α′ +Ψ2 − Λ
6
+ kφ1φ¯1,
1 : γo
−1 = −
Λ
6
(44)
r−1 : (Ψ2)
o
1 = 0. (45)
DU = 2Re(τ¯ω − γ),
r : Uo
−2 =
Λ
6
. (46)
Next, this Maxwell equation (D′ − 2γ − ρ′)φ0 = (δ − 2τ)φ1 + σφ2 gives,
r−1 :
Λ
6
(φ0)
o
2 = 0. (47)
For a non-zero cosmological constant, we have (φ0)
o
2 = 0.
Hence, φ0 = O(r
−3). With this fall-off for φ0, we have the following peeling property for
the Maxwell spinor [7], i.e. φn = O(r
n−3), for n = 0, 1, 2.
Finally, this Bianchi identity (D′ − 4γ − ρ′)Ψ0 − (δ − 4τ + 2α′)Ψ1 − 3σΨ2 = kφ¯1(δ +
2α′)φ0 − kφ¯2Dφ0 + 2kσφ1φ¯1 gives,
r−3 :
Λ
6
(Ψ0)
o
4 = 0. (48)
For a non-zero cosmological constant, we have (Ψ0)
o
4 = 0 [24].
Thus, Ψ0 = O(r
−5). With this fall-off for Ψ0, we have the peeling property for the Weyl
spinor [6, 7], i.e. Ψn = O(r
n−5), for n = 0, 1, 2, 3, 4.
Remark : If the Maxwell spinor is zero, then the assumption ρo1 = −1 is not required,
since Dρ = ρ2 + σσ¯ gives at order r−2 [Eq.(37)] : ρo1(ρ
o
1 + 1) = 0, i.e. ρ
o
1 = −1 because
ρo1 6= 0 [otherwise this would not even reduce to vacuum (anti-)de Sitter spacetime which
does have ρ = −r−1]. With the Maxwell fields involved, then Eq. (37) would become:
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ρo1(ρ
o
1 + 1) + k|(φ0)o1|2 = 0, which does not guarantee that the congruence of null geodesics
near I behaving like the purely vacuum case, i.e. with uniform divergence.
Essentially, a non-zero Λ leads to new leading order terms in U = Λr2/6 + O(r), ρ′ =
−Λr/6 + O(1) and γ = −Λr/6 + O(1), such that the D′ derivative, ρ′ and γ (or the þ′
derivative [25]) in the Maxwell equation/Bianchi identity would effectively shift the term
involving (φ0)
o
2 or (Ψ0)
o
4 by an order of r. Since this is the only term at that order, then
(φ0)
o
2 or (Ψ0)
o
4 has to be zero.
IV. ASYMPTOTICALLY DE SITTER SPACETIMES WITH AXISYMMETRY
We work out the conditions on the coordinate transformations which preserve the asymp-
totic form of the metric. Let the old coordinates be related to the new coordinates by:
u = a0(u¯, θ¯) + a1(u¯, θ¯)r¯−1 +O(r¯−2) (49)
r = K(u¯, θ¯)r¯ + ρ0(u¯, θ¯) + ρ1(u¯, θ¯)r¯−1 +O(r¯−2) (50)
θ = g0(u¯, θ¯) + g1(u¯, θ¯)r¯−1 +O(r¯−2) (51)
φ = φ¯. (52)
The transformation matrix has components Λaa¯ =
∂xa
∂xa¯
:
Λaa¯ =


Λuu¯ Λ
u
r¯ Λ
u
θ¯
Λu
φ¯
Λru¯ Λ
r
r¯ Λ
r
θ¯
Λr
φ¯
Λθu¯ Λ
θ
r¯ Λ
θ
θ¯
Λθ
φ¯
Λφu¯ Λ
φ
r¯ Λ
φ
θ¯
Λφ
φ¯

 (53)
=


a0u¯ +O(r¯
−1) −a1r¯−2 +O(r¯−3) a0
θ¯
+O(r¯−1) 0
Ku¯r¯ +O(1) K +O(r¯
−2) Kθ¯ r¯ +O(1) 0
g0u¯ +O(r¯
−1) −g1r¯−2 +O(r¯−3) g0
θ¯
+O(r¯−1) 0
0 0 0 1

 . (54)
The metric has components (see Ref. [6]):
gab =


−Λ
3
r2 +O(1) 1 O(1) 0
1 0 0 0
O(1) 0 −e2Λf(u,θ)r2 +O(r) 0
0 0 0 −e−2Λf(u,θ)r2 sin2 θ +O(r)

 . (55)
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In the new set of coordinates u¯, r¯, θ¯, φ¯, the metric has components g¯a¯b¯ = Λ
a
a¯Λ
b
b¯
gab, and must
have the form:
g¯a¯b¯ =


−Λ
3
r¯2 +O(1) 1 O(1) 0
1 0 0 0
O(1) 0 −e2ΛF (u¯,θ¯)r¯2 +O(r¯) 0
0 0 0 −e−2ΛF (u¯,θ¯)r¯2 sin2 θ¯ +O(r¯)

 , (56)
where F (u¯, θ¯) is f(u, θ) expressed in the new coordinates. This function 3f(u, θ) :=∫
σo(u, θ)du causes I to be non-conformally flat whenever σo (the leading order term of
σ) is non-zero, i.e. when an isolated gravitating system radiates gravitational waves [6].
Only in the absence of outgoing gravitational waves would I be conformally flat.
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To leading order, these components are:
g¯u¯u¯ = Λ
a
u¯Λ
b
u¯gab (57)
= Λuu¯Λ
u
u¯guu + 2Λ
u
u¯Λ
r
u¯gur + 2Λ
u
u¯Λ
θ
u¯guθ + Λ
θ
u¯Λ
θ
u¯gθθ (58)
= −
(
Λ
3
K2(a0u¯)
2 +K2(g0u¯)
2e2Λf
)
r¯2 +O(r¯) (59)
g¯r¯r¯ = Λ
a
r¯Λ
b
r¯gab (60)
= Λur¯Λ
u
r¯guu + 2Λ
u
r¯Λ
r
r¯gur + 2Λ
u
r¯Λ
θ
r¯guθ + Λ
θ
r¯Λ
θ
r¯gθθ (61)
= −
(
2Ka1 +
Λ
3
K2(a1)2 +K2(g1)2e2Λf
)
r¯−2 +O(r¯−3) (62)
g¯θ¯θ¯ = Λ
a
θ¯Λ
b
θ¯gab (63)
= Λuθ¯Λ
u
θ¯guu + 2Λ
u
θ¯Λ
r
θ¯gur + 2Λ
u
θ¯Λ
θ
θ¯guθ + Λ
θ
θ¯Λ
θ
θ¯gθθ (64)
= −
(
Λ
3
K2(a0θ¯)
2 +K2(g0θ¯)
2e2Λf
)
r¯2 +O(r¯) (65)
g¯φ¯φ¯ = Λ
a
φ¯Λ
b
φ¯gab (66)
= Λφ
φ¯
Λφ
φ¯
gφφ (67)
= −K2e−2Λf sin2 g0 r¯2 +O(r¯) (68)
g¯u¯r¯ = Λ
a
u¯Λ
b
r¯gab (69)
= Λuu¯Λ
u
r¯guu + (Λ
u
u¯Λ
r
r¯ + Λ
r
u¯Λ
u
r¯) gur +
(
Λuu¯Λ
θ
r¯ + Λ
θ
u¯Λ
u
r¯
)
guθ + Λ
θ
u¯Λ
θ
r¯gθθ (70)
= Ka0u¯ +
Λ
3
K2a0u¯a
1 +K2g0u¯g
1e2Λf +O(r¯−1) (71)
g¯u¯θ¯ = Λ
a
u¯Λ
b
θ¯gab (72)
= Λuu¯Λ
u
θ¯guu +
(
Λuu¯Λ
r
θ¯ + Λ
r
u¯Λ
u
θ¯
)
gur +
(
Λuu¯Λ
θ
θ¯ + Λ
θ
u¯Λ
u
θ¯
)
guθ + Λ
θ
u¯Λ
θ
θ¯gθθ (73)
= −
(
Λ
3
K2a0u¯a
0
θ¯ +K
2g0u¯g
0
θ¯e
2Λf
)
r¯2 +O(r¯) (74)
g¯r¯θ¯ = Λ
a
r¯Λ
b
θ¯gab (75)
= Λur¯Λ
u
θ¯guu +
(
Λur¯Λ
r
θ¯ + Λ
r
r¯Λ
u
θ¯
)
gur +
(
Λur¯Λ
θ
θ¯ + Λ
θ
r¯Λ
u
θ¯
)
guθ + Λ
θ
r¯Λ
θ
θ¯gθθ (76)
= Ka0θ¯ +
Λ
3
K2a0θ¯a
1 +K2g0θ¯g
1e2Λf +O(r¯−1) (77)
g¯u¯φ¯ = g¯r¯φ¯ = g¯θ¯φ¯ = 0, (78)
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giving the following conditions:
g¯u¯u¯ :
Λ
3
K2(a0u¯)
2 +K2(g0u¯)
2e2Λf =
Λ
3
(79)
g¯θ¯θ¯ :
Λ
3
K2(a0θ¯)
2 +K2(g0θ¯)
2e2Λf = e2ΛF (80)
g¯φ¯φ¯ : K
2e−2Λf sin2 g0 = e−2ΛF sin2 θ¯ (81)
g¯u¯θ¯ : e
2Λfg0u¯g
0
θ¯ = −
Λ
3
a0u¯a
0
θ¯ (82)
g¯r¯θ¯ : Ka
0
θ¯ +
Λ
3
K2a0θ¯a
1 +K2g0θ¯g
1e2Λf = 0 (83)
g¯u¯r¯ : Ka
0
u¯ +
Λ
3
K2a0u¯a
1 +K2g0u¯g
1e2Λf = 1 (84)
g¯r¯r¯ : 2Ka
1 +
Λ
3
K2(a1)2 +K2(g1)2e2Λf = 0. (85)
The last three equations determine a1 and g1, quantities of the next order. Only two of
these three equations are independent [26].
V. NO GRAVITATIONAL RADIATION, f = 0, F = 0
A. The equations to solve
In the absence of gravitational radiation, f = 0, F = 0 give the following set of transfor-
mation equations:
Λ
3
K2(a0u¯)
2 +K2(g0u¯)
2 =
Λ
3
(86)
Λ
3
K2(a0θ¯)
2 +K2(g0θ¯)
2 = 1 (87)
K2 sin2 g0 = sin2 θ¯ (88)
g0u¯g
0
θ¯ = −
Λ
3
a0u¯a
0
θ¯ (89)
From the first two equations,
1
K2
= (a0u¯)
2 +
3
Λ
(g0u¯)
2 =
Λ
3
(a0θ¯)
2 + (g0θ¯)
2 (90)
As g0θ 6= 0 (from the existence of the identity transformation θ → θ), we can write the fourth
equation as g0u¯ = −Λa0u¯a0θ¯/3g0θ¯ . Plugging this into Eq. (90) gives
(a0u¯)
2
(
1 +
Λ(a0
θ¯
)2
3(g0
θ¯
)2
)
= (g0θ¯)
2
(
1 +
Λ(a0
θ¯
)2
3(g0
θ¯
)2
)
. (91)
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Since 1 + Λ(a0
θ¯
)2/3(g0
θ¯
)2 6= 0, we have
a0u¯ = ±g0θ¯ . (92)
Plugging this into the fourth equation gives the other relationship
a0θ¯ = ∓
3
Λ
g0u¯. (93)
Thus, we find that a0u¯ and a
0
θ¯
are expressible in terms of g0
θ¯
and g0u¯, so solving for g
0 would
give the solution for a0 as well. In fact, differentiating Eq. (92) with respect to θ¯ and Eq.
(93) with respect to u¯ yields
a0u¯θ¯ = ±g0θ¯θ¯ = ∓
3
Λ
g0u¯u¯, (94)
i.e. g0 satisfies the Laplace equation
3
Λ
g0u¯u¯ + g
0
θ¯θ¯ = 0. (95)
The other equation that g0 has to satisfy is the third equation, which becomes
1
K2
=
sin2 g0
sin2 θ¯
=
3
Λ
(g0u¯)
2 + (g0θ¯)
2. (96)
B. Solving the equations
Let us rename g0(u¯, θ¯) as G(u¯, θ¯). The two equations to solve for G(u¯, θ¯) are
3
Λ
Gu¯u¯ +Gθ¯θ¯ = 0 (97)
sin2G
sin2 θ¯
=
3
Λ
(Gu¯)
2 + (Gθ¯)
2. (98)
Under the following change of variables x = θ¯, y = u¯
√
Λ/3, z = x + iy, z¯ = x − iy, we can
convert G(u¯, θ¯) into G(z, z¯). Well,
Gu¯ =
√
Λ
3
Gy (99)
Gθ¯ = Gx (100)
Gx = Gz +Gz¯ (101)
Gy = i(Gz −Gz¯), (102)
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so
3
Λ
Gu¯u¯ = Gyy = −Gzz −Gz¯z¯ + 2Gzz¯ (103)
Gθ¯θ¯ = Gxx = Gzz +Gz¯z¯ + 2Gzz¯, (104)
3
Λ
(Gu¯)
2 = (Gy)
2 = −(Gz)2 − (Gz¯)2 + 2GzGz¯ (105)
(Gθ¯)
2 = (Gx)
2 = (Gz)
2 + (Gz¯)
2 + 2GzGz¯, (106)
and the two differential equations become
∂2G(z, z¯)
∂z∂z¯
= 0 (107)
sin2G(z, z¯)
sin2 (Re(z))
= 4
∂G(z, z¯)
∂z
∂G(z, z¯)
∂z¯
. (108)
The former can be integrated twice to produce
G(z, z¯) =
1
2
(ψ(z) + χ(z¯)), (109)
where ψ(z) and χ(z¯) are arbitrary functions of z and z¯, respectively. Plugging this solution
into the latter yields
sin2 ((ψ(z) + χ(z¯))/2)
sin2 ((z + z¯)/2)
=
dψ(z)
dz
dχ(z¯)
dz¯
. (110)
Now, we only consider real solutions G(z, z¯) = G(z, z¯), so ψ(z)+χ(z¯) = χ(z¯)+ψ(z). Hence
χ(z¯) = ψ(z), i.e. G(z, z¯) = Re(ψ(z)) and also dχ(z¯)
dz¯
= dψ(z)
dz¯
= dψ(z)
dz
.
We may express the differential equation that we need to solve as
sin (G(z, z¯)) = ±A(z)A(z) sin x, (111)
where A(z) =
√
dψ(z)/dz =
√
ψ′(z). Differentiating with respect to x gives
Gx cosG = ±(2Re(AA′) sin x+ |A|2 cosx). (112)
Differentiating with respect to y gives
Gy cosG = ±2Im(AA′) sin x. (113)
The sum of squares of these two equations is
((Gx)
2 + (Gy)
2) cos2G = 4|AA′|2 sin2 x+ |A|4 cos2 x+ 4|A|4Re
(
A′
A
)
sin x cosx. (114)
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Note that (Gx)
2 + (Gy)
2 = |ψ′|2, cos2G = 1 − sin2G = 1 − |ψ′|2 sin2 x, 4|AA′|2 = |ψ′′|2,
|A|4 = |ψ′|2, 4|A|4Re(A′/A) = 2|ψ′|2Re(ψ′′/ψ′). Therefore,
(|ψ′′|2 + |ψ′|4 − |ψ′|2) sin x+ 2|ψ′|2Re
(
ψ′′
ψ′
)
cos x = 0. (115)
Let p = |ψ′′|2 + |ψ′|4 − |ψ′|2 and q = 2|ψ′|2Re(ψ′′/ψ′). We can express p sin x + q cosx as
R sin(x+α) with R =
√
p2 + q2 and α = arctan (q/p), by letting p = R cosα and q = R sinα.
Thus,
R sin (x+ α) = 0, (116)
with two cases to solve, viz. R = 0 or α = nπ − x, n ∈ Z.
1. R = 0
Since p and q are real, then p2 + q2 = R2 = 0 is a circle with radius 0, i.e. p = 0 and
q = 0. From the latter, we get |ψ′|2 = 0 or Re(ψ′′/ψ′) = 0. If |ψ′|2 = 0, then ψ′ = 0 (which
satisfies p = 0) and sinG = ±|ψ′| sin x implies G = kπ, k ∈ Z. On the other hand, |ψ′| 6= 0
and Re(ψ′′/ψ′) = 0 imply that ψ′′/ψ′ is a constant, because ψ′′(z)/ψ′(z) = −ψ′′(z)/ψ′(z) is
such that LHS is a function of z but RHS is a function of z¯. Moreover, ψ′′/ψ′ = ic, with
c ∈ R because Re(ψ′′/ψ′) = 0. Integrating once gives ψ′(z) = weicz, where w ∈ C is a
constant. Plugging this into p = 0, we get
|ψ′|2(c2 + |ψ′|2 − 1) = 0, (117)
i.e. |ψ′|2 = 0 or |ψ′|2 = 1−c2. For the former, we already know that this gives G = kπ, k ∈ Z.
So from now on, we only consider |ψ′| 6= 0. Then, |ψ′|2 = 1 − c2 gives |w|2e−2cy = 1 − c2.
Since RHS is a constant, then LHS cannot depend on y, i.e. c = 0, giving |w| = 1. Thus,
ψ′(z) = eiφ, φ ∈ R is a constant, −π < φ ≤ π, so
ψ(z) = zeiφ + z0, (118)
where z0 ∈ C is a constant. From sinG = ±|ψ′| sin x and G(x, y) = Re(ψ(x+ iy)), we have
sin (Re((x+ iy)eiφ + z0)) = sin(±x). (119)
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Since RHS does not depend on y, then eiφ must be real, i.e. φ = 0 or φ = π, so that LHS
also does not depend on y. This gives sin (±x+ Re(z0)) = sin(±x), i.e. Re(z0) = kπ, k ∈ Z.
Ergo,
G(u¯, θ¯) = ±θ¯ + kπ, k ∈ Z. (120)
2. sin (x+ α) = 0, i.e. α = nπ − x, n ∈ Z
The equations to solve are
p = |ψ′′|2 + |ψ′|4 − |ψ′|2 = R cosα = ±R cosx (121)
q = 2|ψ′|2Re(ψ′′/ψ′) = R sinα = ∓R sin x. (122)
We first consider the latter:
ψ(z)′′
ψ′(z)
+
(
ψ(z)′′
ψ′(z)
)
=
1
2i
S(z, z¯)(ei(z+z¯)/2 − e−i(z+z¯)/2), (123)
where S(z, z¯) = ∓R(z, z¯)/|ψ′(z)|2, and |ψ′| 6= 0. Note that ψ′′(z)/ψ′(z) is a function of z¯
only, so differentiating with respect to z gives
2i
d
dz
(
ψ′′(z)
ψ′(z)
)
=
(
Sz +
i
2
S
)
ei(z+z¯)/2 −
(
Sz − i
2
S
)
e−i(z+z¯)/2. (124)
Let (
Sz +
i
2
S
)
ei(z+z¯)/2 = U(z) + η(z, z¯) (125)(
Sz − i
2
S
)
e−i(z+z¯)/2 = V (z) + ζ(z, z¯). (126)
This decomposition isolates the parts U(z) and V (z) that are purely z-dependent, with the
remainders η(z, z¯) and ζ(z, z¯) dependent on both z and z¯. Note that LHS of Eq. (124) is
purely a function of z, which demands the same for RHS. Hence, η(z, z¯) would cancel out
ζ(z, z¯), i.e. η(z, z¯) = ζ(z, z¯). If we move the exponential factors in Eqs. (125)-(126) to RHS:
Sz +
i
2
S = (U(z) + η(z, z¯))e−i(z+z¯)/2 (127)
Sz − i
2
S = (V (z) + η(z, z¯))ei(z+z¯)/2, (128)
then Eqs. (127)-(128) form a system of two linear inhomogeneous ordinary differential equa-
tions (ODE) for S(z, z¯) with constant coefficients. Typically if there is one linear ODE with
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inhomogeneous terms, the latter is specified and we then solve this ODE. Here, however,
the inhomogeneous terms are unknown. Nevertheless, since S(z, z¯) has to simultaneously
satisfy two such ODE, it turns out that we are able to systematically determine not only
S(z, z¯), but also the inhomogeneous unknown functions U(z), V (z), η(z, z¯).
In solving a linear inhomogeneous ODE with constant coefficients, the first thing to do
is to get the complementary function for the corresponding homogeneous ODE. These are
S(z, z¯) = S1(z¯)e
−iz/2 (129)
S(z, z¯) = S2(z¯)e
iz/2, (130)
for Eqs. (127)-(128), respectively, where S1(z¯) and S2(z¯) are arbitrary functions of z¯. The
common solution for S(z, z¯) that satisfies both homogeneous ODE is if S1(z¯) = S2(z¯) = 0,
i.e. S(z, z¯) = 0 is the complementary function for this pair of ODE. Let us deal with the
inhomogeneous term U(z)e−i(z+z¯)/2 in Eq. (127), i.e.
Sz +
i
2
S = Ue−i(z+z¯)/2, (131)
with η = 0. The other ODE, when η = 0, is
Sz − i
2
S = V ei(z+z¯)/2. (132)
Adding them gives
2Sz = Ue
−i(z+z¯)/2 + V ei(z+z¯)/2. (133)
Subtracting one from the other gives
iS = Ue−i(z+z¯)/2 − V ei(z+z¯)/2. (134)
Differentiating with respect to z,
2Sz = −(2iUz + U)e−i(z+z¯)/2 + (2iVz − V )ei(z+z¯)/2, (135)
and so with Eq. (133), we have
iUz + U = (iVz − V )ei(z+z¯). (136)
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Since U(z) and V (z) are functions of z, then iVz = V and iUz = −U , i.e. U(z) = is1eiz
and V (z) = −is2e−iz, where s1, s2 ∈ C are constants. Therefore, S(z, z¯) = s1ei(z−z¯)/2 +
s2e
−i(z−z¯)/2 is the general solution to the pair of ODE:
Sz +
i
2
S = is1e
i(z−z¯)/2 (137)
Sz − i
2
S = −is2e−i(z−z¯)/2. (138)
Note that S(z, z¯) = s1e
−y + s2e
y is real. Since ey and e−y are linearly independent, then s1
and s2 are also real. Here, we solved for U and V simultaneously. The same result would
be reached, if they are solved individually.
This leaves us with the inhomogeneous term η(z, z¯). Consider the pair of ODE:
Sz +
i
2
S = ηe−i(z+z¯)/2 (139)
Sz − i
2
S = ηei(z+z¯)/2. (140)
Dividing to eliminate η and rearranging, we have
1
S
dS
dz
= − cos ((z + z¯)/2)
2 sin ((z + z¯)/2)
(141)∫
1
S
dS = −
∫
cos ((z + z¯)/2)
2 sin ((z + z¯)/2)
dz (142)
S(z, z¯) = S3(z¯) csc
(
z + z¯
2
)
, (143)
where S3(z¯) is an arbitrary function of z¯. Note that since S is real, then S3(z¯) must
be real, i.e. S3(z¯) = s3 is a real constant. So, S(z, z¯) = s3 csc ((z + z¯)/2). This gives
η(z, z¯) = −(s3/2) csc2 ((z + z¯)/2). Ergo,
S(z, z¯) = s1e
i(z−z¯)/2 + s2e
−i(z−z¯)/2 + s3 csc
(
z + z¯
2
)
, (144)
where s1, s2, s3 ∈ R are constants, is the general solution to the pair of ODE
Sz +
i
2
S = is1e
i(z−z¯)/2 − 1
2
s3 csc
2
(
z + z¯
2
)
e−i(z+z¯)/2 (145)
Sz − i
2
S = −is2e−i(z−z¯)/2 − 1
2
s3 csc
2
(
z + z¯
2
)
ei(z+z¯)/2. (146)
Now, from Eq. (124), we have
2i
d
dz
(
ψ′′(z)
ψ′(z)
)
= U(z)− V (z) (147)
= is1e
iz + is2e
−iz, (148)
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so indeed LHS and RHS are purely functions of z. Integrating once gives
1
ψ′
dψ′
dz
=
1
2i
(s1e
iz − s2e−iz) + ε, (149)
where ε ∈ C is a constant. Integrating again gives
ψ′(z) = µ exp
[
εz − 1
2
(
s1e
iz + s2e
−iz
)]
, (150)
where µ ∈ C is a constant. Note that from Eq. (123),
2Re
(
ψ′′(z)
ψ′(z)
)
=
1
2i
(
s1e
i(z−z¯)/2 + s2e
−i(z−z¯)/2 + s3 csc
(
z + z¯
2
))
(ei(z+z¯)/2 − e−i(z+z¯)/2).
(151)
By expanding and grouping up terms, RHS can be expressed as
Re
(
1
i
(s1e
iz − s2e−iz)
)
+ s3. (152)
With this and LHS directly obtainable from Eq. (149), we get
Re
(
1
i
(s1e
iz − s2e−iz) + 2ε
)
= Re
(
1
i
(s1e
iz − s2e−iz)
)
+ s3 (153)
2Re (ε) = s3. (154)
This concludes Eq. (122).
The other equation to solve is Eq. (121),
|ψ′|2
(∣∣∣∣ψ′′ψ′
∣∣∣∣
2
+ |ψ′|2 − 1
)
= R cos (nπ − x), n ∈ Z (155)
∣∣∣∣ψ′′ψ′
∣∣∣∣
2
+ |ψ′|2 − 1 = −S cosx, (156)
where S(z, z¯) = ∓R(z, z¯)/|ψ′|2 and |ψ′| 6= 0. Well,∣∣∣∣ψ′′ψ′
∣∣∣∣
2
=
[
1
2i
(s1e
iz − s2e−iz) + ε
][
− 1
2i
(s1e
−iz¯ − s2eiz¯) + ε¯
]
(157)
|ψ′|2 = |µ|2 exp [2Re(εz)− (s1e−y + s2ey) cosx] (158)
S = s1e
−y + s2e
y + 2Re(ε) csc x. (159)
When |ψ′′/ψ′|2+ |ψ′|2−1 = −S cosx is evaluated, we find that there is only one appearance
of the double exponent exp[−(s1e−y + s2ey) cosx], which depends on x and y. Eliminating
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the x-dependence requires s1e
−y + s2e
y to be zero, i.e. s1 = −s2e2y. Since s1 and s2 are
constants, then s2 = 0 and s1 = 0. Consequently, |ψ′′/ψ′|2 = |ε|2, |ψ′|2 = |µ|2e2Re(εz),
S = 2Re(ε) csc x. So,
|ε|2 + |µ|2e2Re(εz) − 1 = −2Re(ε) cotx. (160)
As there is no y-dependence on RHS, then the same must be true for LHS, i.e. Im(ε) = 0,
giving
Re(ε)2 + |µ|2e2xRe(ε) − 1 = −2Re(ε) cotx. (161)
Since e2xRe(ε) and cot x are linearly independent, they must both vanish. The vanishing of
the latter demands Re(ε) = 0, which automatically eliminates the former’s x-dependence.
Thus, |µ|2 = 1, i.e. |ψ′| = 1. Earlier, we knew that this implies G(u¯, θ¯) = ±θ¯ + kπ, k ∈ Z.
Ergo, the complete solution to
3
Λ
Gu¯u¯ +Gθ¯θ¯ = 0 (162)
sin2G
sin2 θ¯
=
3
Λ
(Gu¯)
2 + (Gθ¯)
2, (163)
are
G(u¯, θ¯) = mθ¯ + kπ,m ∈ {−1, 0,−1}, k ∈ Z. (164)
The only valid physical solution is G(θ¯) = θ¯, which is the identity transformation. The
solution where m = 0 is nonsense, because it makes the θ¯ coordinate vanish. The other
solution m = −1 is a discrete swap from θ¯ to −θ¯. The remaining freedom k 6= 0 merely
shifts θ¯ by multiples of π. After all these calculations, the implication is there is no room
for supertranslations.
VI. DISCUSSION
Although it is well-known that the peeling property holds for asymptotically simple space-
times by studying its conformal structure [13, 14], the original physical spacetime approach
by Newman and Penrose requires Ψ0 = O(r
−5) to be stated as an assumption [4]. Indeed,
this leads to the deduction of the fall-offs of all other quantities (for the asymptotically flat
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case [4]) and the peeling property of the Weyl spinor (for the asymptotically flat case [4] as
well as with a cosmological constant [6]).
The point in this paper, based exclusively on the physical spacetime is: Even though the
fall-offs of the spin coefficients [Eqs. (13)-(22)], the unknown functions in the null tetrad
[Eqs. (5)-(8)], and the vanishing of the Weyl spinor on I [Eqs. (23)-(27)] are enunciated as
an ansatz, it appears that one can deduce that Ψ0 = O(r
−5) only when there is a non-zero
cosmological constant. Hence ironically, whilst these fall-offs together with the vanishing of
the Weyl spinor on I are consistent with admitting a smooth conformal compactifiability
[18], it seems that these are insufficient to guarantee the peeling property if the cosmological
constant is zero. This is in contrast to the fully conformal approach with explicit use of
spinors that ensures the peeling property for asymptotically simple spacetimes [13, 14].
A result that is strikingly comparable (but not equivalent) to what we have shown here
was recently arrived at by Ortaggio and Pravdová [27], in an exclusive study of the peeling
behaviour of the Weyl tensor in an n-dimensional spacetime (where n = 4 is a special case).
They found that for our four-dimensional spacetime, the presence of a non-zero cosmological
constant would guarantee the usual peeling property [see Eq. (1) in Ref. [27]] based on the
assumptions that Ψ0 falls off faster than 1/r
2 as well as the optical matrix of the outgoing
null geodesics being asymptotically non-singular and expanding. Unlike here, they did not
make any further stipulation on the fall-offs of the Ricci rotation coefficients (i.e. the spin
coefficients) nor the fall-offs of the unknown functions in the null tetrad (although for some
cases, there is a need to additionally say something about the fall-offs of Ψ1 and Ψ2 — see
the last paragraph of Section II A in Ref. [27]). This is in a similar spirit to the original
Newton-Penrose approach of making a single assumption of Ψ0 = O(r
−5) to deduce the
fall-offs of everything else [4], but represents an improvement since a weaker assumption is
made and it also includes the case with Λ 6= 0. The case for Λ = 0 however, allows for more
possibilities apart from the usual peeling [see Eq. (2) in Ref. [27]]. A treatment for the
Maxwell case is given in Ref. [28].
Incidentally, the peeling property of the Weyl spinor in a universe with a cosmological
constant has been shown explicitly within a linearised setup by Bishop, who worked with
the Bondi-Sachs framework [29]. More recently, an intriguing new boundary condition was
proposed by Xie and Zhang when there is a cosmological constant, which also leads to the
usual peeling property [30]. In particular, they showed that Ψ4 is of order O(r
−1) in spite
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of the fact that there is no Bondi news in their metric. Their new boundary condition
corresponds to our Xµ in Eq. (6) having a fall-off of order O(1) instead of O(r−1) [31]. This
however, would lead to an asymptotic form of the metric that cannot be derived from the
conformal approach. More specifically, their metric, when compared to Eq. (4.18) in the
work of Szabados and Tod (who produced the asymptotic fall-offs for the physical metric
based on the conformal approach [18]), differs in the guu as well as the guθ components —
and cannot be obtained from Eq. (4.18) of Ref. [18]. Nevertheless, we live in physical space
and the property that there is a smooth conformal extension at infinity (which is the basis
for such a conformal compactification by Penrose [13]) is an assumption — albeit a highly
useful one and is the mainstream compactification method in general relativity. In fact,
there are other ways to compactify spacetime, for instance one which preserves geodesics,
viz. projective compactification [32] [33].
As this study originated from the goal of extending the Bondi mass and the mass loss of
an isolated gravitating system due to energy carried away by gravitational waves to include
a cosmological constant [6], we wish to emphasise here that the explicit manifestation of the
peeling property depends on the choices of: 1) coordinates, and 2) null tetrad. It has been
shown and explained in Ref. [7] that a different null tetrad (using the same Bondi-Sachs
coordinates) would not exhibit the peeling property. There, the Weyl and Maxwell spinors
were given in the usual Newman-Unti null tetrad as well as the Szabados-Tod null tetrad,
which are related by a boost transformation. The peeling property is displayed in the former,
but not in the latter. In general (see Appendix A in Ref. [7]), a boost transformation would
affect the fall-offs of various quantities. Also, a proof of the peeling property given in Ref.
[14] requires that r is an affine parameter of the outgoing null generators tangent to the null
tetrad vector ~l, so if r and ~l are not compatible (as in the case for the Szabados-Tod null
tetrad), then the peeling property is not depicted.
Alternatively, a different choice of coordinates (one which is not of the Bondi-Sachs type)
may not portray the peeling property. A work by Ashtekar et al. [34], who explored the
linearised theory with a cosmological constant, adopted coordinates describing the future
Poincaré patch. They found that with such a coordinate system, the usual expansion in
powers of 1/“r” does not quite work, and that “r”→∞ gives the past cosmological horizon
instead of future null infinity I. Note that the “r” in Ref. [34] is not the same as our r here
and in Refs. [6, 7], which does give I in the limit where r →∞ [35].
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These different choices of the coordinate systems would turn out to lead to purportedly
different results, in terms of the energy carried away by gravitational waves in a universe
with Λ. According to the exact result based on the full Einstein theory, Ref. [6] showed
that in the approximation where Λ is tiny, then the correction to the mass-loss formula due
to energy carried away by gravitational waves is in positive integer powers of Λ. This is in
agreement with the linearised treatment carried out by Bishop [29]. The result obtained in
Ref. [34] however, is a correction in powers of
√
Λ. Interestingly, work done by Date and
Hoque within the linearised theory considered two different coordinate systems [36]. With
the “Fermi normal coordinates”, the correction is in powers of Λ — in accordance to the
results of Refs. [6, 7, 29]. On the other hand, they found that the use of a “conformal chart”
gives a correction in powers of
√
Λ.
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